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It has long been realized that even a perfectly clean electronic system harbors a Landauer-Sharvin
resistance, inversely proportional to the number of its conduction channels. This resistance is usually
associated with voltage drops on the system’s contacts to an external circuit. Recent theories have shown
that hydrodynamic effects can reduce this resistance, raising the question of the lower bound of resistance
of hydrodynamic electrons. Here, we show that by a proper choice of device geometry, it is possible to
spread the Landauer-Sharvin resistance throughout the bulk of the system, allowing its complete
elimination by electron hydrodynamics. We trace the effect to the dynamics of electrons flowing in
channels that terminate within the sample. For ballistic systems this termination leads to back-reflection of
the electrons and creates resistance. Hydrodynamically, the scattering of these electrons off other electrons
allows them to transfer to transmitted channels and avoid the resistance. Counterintuitively, we find that in
contrast to the ohmic regime, for hydrodynamic electrons the resistance of a device with a given width can
decrease with its length, suggesting that a long enough device may have an arbitrarily small total resistance.

DOI: 10.1103/PhysRevLett.129.157701

Introduction.—The electronic resistivity to the flow of
current is a fundamental quantity in condensed matter
physics. Frequently, its minimization is desired. The
Drude model, dating back to 1900, suggests that the
resistivity originates mostly from momentum loss to impu-
rities. However, it was realized that even in the ballistic limit,
in which impurities and phonons are absent, the interface
between the electronic system and the metallic contacts to
which it is coupled carries another fundamental source of
resistance: the Landauer-Sharvin (LS) resistance [1-4]. This
resistance is inversely proportional to the number of quantum
mechanical channels that are transmitted through the system.

More recently, another regime of transport was discov-
ered, in which electrons behave like a viscous fluid due to
strong momentum-conserving electron-electron scattering
[5-50]. Somewhat counterintuitively, it was shown that the
resistance in this hydrodynamical regime may be lower
than the ballistic one, suggesting the term ‘“‘superballistic”
[29,30,51-53]. Furthermore, conditions in which field-free
current flow may locally exist were suggested [42].

In this Letter, using a combination of Landauer and
Boltzmann analyses we demonstrate a mechanism by
which electron hydrodynamics can eliminate the LS
resistance, and find the minimal value that this resistance
may attain. Our study is semiclassical and focuses on two
dimensional systems. We describe an electronic system in
terms of its conduction channels, and show that when the
number of channels varies along the direction of the current
flow, the Landauer-Sharvin resistance detaches from the
contacts and spreads over the bulk of the electronic system.
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When the length scale of this spreading is larger than the
electron-electron scattering mean free path, 7,,, the resis-
tance is dramatically suppressed.

Microscopically, this suppression results from the scat-
tering of electrons whose channels are being terminated due
to a narrowing of the system’s cross section or a decrease of
its carrier density. In a ballistic system, these electrons are
reflected back and do not contribute to the current, thereby
generating LS resistance in the sample’s bulk. In contrast,
in the hydrodynamic regime electron-electron scattering
transfers these electrons into transmitted channels, thus
avoiding their reflection and the corresponding resistance.

Equipped with this analysis, we can raise the question of
the minimal resistance of hydrodynamic electrons flowing
through a constriction. In the ballistic case, for a sample
of length L and a minimal cross section 2zr,, the LS
resistance is given by (h/2e*kpry,) (kg is the Fermi
momentum, and we consider a single spin species). In the
hydrodynamic case, previous works [29,30,42] reported a
reduction of the LS resistance by a factor of £,/ ri, due to
electron hydrodynamics. We find a further reduction of the
resistance by an additional factor of r;,/L if the constric-
tion’s width varies over a scale L > r;,. In contrast to the
familiar ohmic regime, in which resistance increases with L,
the resistance in the hydrodynamic regime decreases with L.
This implies that a system with a given r;, and a large
enough L may have an arbitrarily small total resistance.

Wormhole geometry.—In order to study the resistance of
hydrodynamic electrons in a generic expanding geometry
while avoiding boundary effects, we use a “wormhole”

© 2022 American Physical Society
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FIG. 1. The wormhole geometry is a two-dimensional azimu-
thally symmetric electronic system embedded in three-dimensional
space, described by the equation r = r(z), where the radius is
maximal (7, ) at the interface to the contacts and minimal (r,,) at
the center. A current / is driven from negative to positive z, and the
potentials at the two contacts are V(F L/2) = £(V,/2).

geometry (Fig. 1). This geometry is a two-dimensional
surface of revolution embedded in three dimensions, with
azimuthal symmetry (toward the end of this Letter we
consider also a Corbino disk and a bar with varying
electronic density). In cylindrical coordinates the wormhole
is defined by r = r(z), with its minimum radius, rpy,,
occurring at z = 0, and maximum radius, r,,, occurring
at the contacts positioned at z = £L/2. For simplicity
we assume r(z) = r(—z). A current [/ driven through
the wormhole in the z direction leads to a potential
V(z =F L/2) = £(V,/2) atits contacts. On the manifold,
we define a local Cartesian system of coordinates tangent to
the manifold, in which J is the unit vector in the azimuthal
direction, and = (1/+v/1 4 r'2)(#',0, 1) is the unit vector
in the direction along the manifold. For brevity, we
seth=e=1.

Boltzmann description.—Time-independent transport in
a wormhole geometry may be described by a Boltzmann
equation. In the absence of a driving force, the magnitude
of the electron’s momentum is constant, but its direction
varies. Consequently, the equation reads as follows:

/
costzf—Lsineagf: 1+ rF2f], (1)
r

where f(r,p) is the deviation of the number of electrons in a
position r with momentum p from its equilibrium value, @ is
the angle of the momentum with respect to the locally
defined x direction, r' = dr/dz, and I[f] is the scattering
integral, elaborated below. As explained in the Supplemental
Material [54], this equation is derived in two steps. First, we
solve for the trajectories of free particles constrained to the
manifold. Second, we equate the variation of f along these
trajectories with the scattering integral /[f].
It is common to substitute the ansatz

fp.r) = dler —e(p)|h(p.r) (2)

in Eq. (1), and integrate both sides over the magnitude of
the momentum [(p dp/4x*), with p = |p|. This integra-
tion fixes |p| = py such that & becomes a function of r and
6, which describes the nonequilibrium angular shape of the
Fermi surface. The integration replaces the § function in
Eq. (2) by a density of states at the Fermi energy and angle
0, v(Er,0) = vp/2r (here, vy is the density of states at
the Fermi energy). The Boltzmann equation becomes an
equation for vph(0,r)/2z. The azimuthal symmetry
reduces the dependence on r to a dependence on z only.

Landauer description.—In the Landauer picture, the
system is composed of 2j... + 1 channels, enumerated
by their angular momentum j = —j...0..jma. With
Jmax = kpTmax- The angular momentum j = p,(z)r(z),
with p, the momentum in the azimuthal direction. Each
channel is characterized by transmission and reflection
probabilities T;, R; satisfying T; + R; = 1. We assume
r(z) to vary slowly on the scale of the Fermi wavelength,
such that in the absence of interactions, channels with
|j| < kprmi are fully transmitted, and all other channels are
fully reflected. The reflection takes place at the classical
turning point r(z) = |j|/kp. The current flowing through
the wormhole is I = (kprpyin/7)V,, leading to a dimen-
sionless LS resistance Ryaisic = 7/ krFmin-

“Landauerizing” Boltzmann.—We reformulate the
Boltzmann equation to elucidate its relation to the
Landauer picture. To that end, we express the shape of
the Fermi surface in terms of different variables: the
channel angular momentum j, the direction of motion,
right (R) or left (L), and the position, z. Semiclassically, the
angular momentum is a real number, which is quantized to
an integer in Landauer’s quantum mechanical analysis.
Here, we think about it semiclassically.

Two steps are needed to transform the Boltzmann
equation from an equation for A(6,z) to an equation for
the occupation in terms of j, z and direction of motion,
which we denote by %, (z). First, we change the variables
in Eq. (1). Second, the integral [(pdp/4x*) should
be replaced by an integral over the x component of the
momentum, namely py [(dp,/2x), where the limits are
given by p, = 0 and p, = oo for R and L, respectively.
The 6 function in Eq. (2) is then replaced by a density of
states at the Fermi level at a fixed j = p,r(z):

VF

1= (kFi(z))

I/j:

o(ker(@) - i) ()

This density of states is inversely proportional to the x
component of the velocity, as familiar from Landauer’s
analysis. The details of the transformation are given in the
Appendix, but the outcome is quite expected from the
conservation of angular momentum:

157701-2
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Hup0.h () = V1 + T (2)], (4)

where the + refers to right and left moving electrons, and
1 is the scattering term expressed as a functional of h{e_ 1(2),
derived below.

The electronic density p(z), current density J,(z), and
potential V(z) are

dp 1 . ; ;

e - _ 1] J J

p(z) / 5. 2) prT— / dj’(2)[hg + ]
dp Px 1 i )

J R ——— [ dj[hy — h

p(Z)/ Vr (5)

where the limits of integration are over all angular momenta

for which v/ # 0, i.e., from —jpax t0 jimax = KpFmay-
Ballistic regime.—In the absence of collisions (I = 0),

V(z) =

Eq. (4) implies that h{e, ;. 1s independent of z and is such that

hf = hj at the classical turning point, where j = kpr(z).
The solution states that there is no interchannel scattering
along the wormhole, which is a consequence of angular
momentum conservation. As for intrachannel backscatter-
ing, two situations may exist. Fully transmitted channels
are those with j < kpry;,. For these channels, each of the
two nonequilibrium occupations h{e, 1 (z) is determined by
the contact from which it emanates, and is independent of z.
In contrast, if there is a point z, for which j = kpr(zg), at
this point the momentum has no x component, 2 = h; and
the channel is fully reflected. Then, on one side of z, where
the channel exists we have hi = h;, with the value being
determined by the contact from which the channel ema-
nates and to which it is back-reflected. Both occupations
vanish at the other side of z(, in which the channel does not
exist. Figures 2(a) and 2(b) present h{e F h{ for a particular
example of a ballistic wormhole, showing the nonequili-
brium channel-dependent contributions to the local poten-
tial and current density.

Each contact feeds into the wormhole all channels below
its potential, +V,/2 for the left and right contacts,
respectively, thus specifying the boundary conditions. By
Landauer’s formula, Vy = zl/kpry;,. With these boundary
conditions, we can solve for h{?, ;. (z) and use the solution to
calculate the potential as a function of z. We find the
potential to be as follows:

Vo [ker(@) d'
Vatisiic(z) = —
balllSUC(Z) Sgn(z> T k]“rmm kFr
Vo 2
— —sgn(z) 20 . [1 — ﬂarcsm r?‘;ﬂ (6)

Interestingly, although there are no collisions, we see that
there is a potential drop, and thus resistance, in the bulk of

Hydrodynamic

a Ballistic c
(@) (c) o

hr —hy
6

4

e [
=0 & 0
< <
= =
e~ )

15 10 -5 0 5 10 15 15 10 -5 0 5 10 15

Ballistic (d) Hydrodynamic
hgr+ hg hr+ hi

b4

FIG. 2. Nonequilibrium distribution functions hx —h; and
hg + h; for ballistic (a),(b) and hydrodynamic (c) and (d) cases.
These distribution functions contribute to the current density and
voltage, respectively [see Eq. (5)]. They are plotted for the
wormhole defined in Eq. (11) with a/ry, = 6, as a function of the
spatial coordinate z, and the normalized channel index, j/kp7yin-
In panels (c),(d) ¢,./ry = 0.3. Green color corresponds to zero
population, while white reflects states above the Fermi energy.

J/kFT

the wormhole. Equation (6) shows that the potential close
to the edges of the wormhole (z = £L/2) is smaller
than that in the contacts by (V,/z)arcsin(rpin/ max)-
This difference is the LS contact resistance. In the limit
Fmax > I'min this contact resistance becomes negligible, and
practically all the LS resistance drops in the bulk. From
Eq. (6) we see that voltage drops in the bulk when the
upper limit of the integral varies with z. Hence, the bulk
LS resistance appears whenever the number of conduction
channels varies in the bulk. As we show below, electron-
electron scattering can dramatically suppress the bulk
potential drop, allowing the system to conduct much better
than the fundamental LS limit.

Electron-electron scattering and the hydrodynamic
regime.—We now turn to consider the effect of momentum
conserving electron-electron interactions on the wormhole
resistance. Within the relaxation time approximation, tak-
ing conservation laws into account [11,55], we have

1[f(p.r)] = M} }

a3

(7)

The second and third terms on the right-hand side guarantee
charge and momentum conservation, respectively. We
obtain I[h/] using the same ansatz we used before:

157701-3
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Tk . (2)]
_ v j p(z) _4nJ,(2) J 2
__f_ee () = 172 ke - (kFr(Z)> ]

(8)

The v//¢,, factor makes the mean free path j-dependent

and shortens it from #,, to £,,\/1 — [j/krr(z)]*. This may

be understood by noting that for j/r(z) large, p, is small
and a shorter distance is traversed in the z direction between
two scattering events. In particular, the scattering length
vanishes when the channel is about to be terminated,
opening a way for the electrons to avoid backscattering
by being scattered to a transmitted channel. Furthermore,
in contrast to the case of impurity scattering, in which in
Eq. (8) 7., is replaced by a momentum-relaxing mean free
path and the third term is absent, here the presence of the
third term allows for a Galilean boost of the Fermi surface
Wri(z) = £[4nd (2)/kp]\/1 = [j/ker(2)]* to be carried
out without developing a resistance.

We find the solution to a leading order in 7,, (the
calculation is given in the Appendix),

o REEE
hi(2) = ikFr(Z) 1 |:kFr(Z):|

2t esng@ [ [ i |’
+ kpr(z) {1 Z{kﬂ(z)]}
Z Il/ﬂee / dé / /
_/0 Wcosf(z) (2)d7Z, )

d7

where &(z) is the local angle between z axis and the
manifold, i.e., 7(z)" = tan £(z). This solution is valid in the
bulk, away from the contacts. We comment on the role of
the contacts below, with details in the Appendix.

The first term in Eq. (9) is a rigidly shifted Fermi surface.
It is the solution expected for ¥ = 0 far away from the
contacts, after all deformations of the Fermi surface are
suppressed by the scattering term. The second and third
terms are smaller than the first by a factor of £,,/r(z), and
originate from the breaking of Galilean invariance. The
second term makes the shifted Fermi surface acquire an
elongated shape, with more electrons in the head-on
direction (small j), and less in the j~ kpr(z) channels.
The third term is independent of j. It carries an electronic
density, and leads to a potential drop and resistivity. Note
that while the second term exists when sin & # 0, the third
term requires (dsiné/dz) # 0. Stated differently, in con-
trast to ballistic electrons for which local resistance appears
when the number of conduction channels varies with z, i.e.,
when r' #0, for hydrodynamic electrons resistance is
generated only when this function has a nonzero curvature,
" #£0.

The potential originating from the third term of Eq. (9)
may be written also as follows:

Ve (2) = 1/5(1) Coe
bl k()

cos EdE. (10)

The resistance scale may be estimated from Eq. (10). The
r? in the denominator suggests that the wormhole resistance
is characterized by a “superballistic” scale [29,30,42,50],
(27t .o/ kpr?,,), smaller by 2Z,,/rpy, than the ballistic LS
resistance. However, Eq. (10) opens the way for a much
smaller scale, (¢,,/4wkpr?. ) sin&, where &, is the angle
at which r becomes much larger than r;,. If r grows
slowly, sin&, may be much smaller than 1, with the
resistance becoming much smaller than the superballistic
scale. Consequently, for a fixed r,,x > rpy, the resistance
generally decreases with increasing L, opposite to the
familiar Ohmic dependence.

To illustrate the two hydrodynamic scales, consider an

example where
r(z) = rocoshz/a. (11)

In this wormhole, 7, = ro and 7y > i for L > a.
Under the latter condition, the contribution to the resistance
decays fast with |z| > a, and we can take L — oo. Then,
using Eq. (10),

a?arctanh —Vrf’_a?
- | (12

(g —a)P

Coe 1
2k r(z) —a

cosh — B

In the limit a — O the resistance tends to (¢, /2xkzr3), but
when a > r it decreases to become of order (£,,/4kprya).
As can be seen in Eq. (10), most of the resistance originates
from the product of the minimum radius r,;, and the
change in angle A& over which the radius becomes
significantly larger than ry,. When a > r, the change in
angle is A¢ ~ ry/a and hence the decrease in resistance.
Figures 2(c) and 2(d) show the calculated h; — hp and
h; + hg for hydrodynamic flow in the wormhole in
Eq. (11). These quantities contribute to the current density
and potential, respectively [Eq. (5)]. Figure 3 shows
potential drop in this wormhole as a function of z, in
the ballistic case and in the hydrodynamic cases for two
values of a/ry. The hydrodynamic suppression of the
resistance with increasing a is evident. Note that when
r(z) is constant the resistance in the bulk vanishes, since the
bulk is Galilean invariant. However, the LS voltage drop
occurs then sharply at the contacts, and is not suppressed by
electron-electron scattering. To suppress the resistance by
electron-electron scattering r(z) should vary slowly from
Tmin 1O Tmax > Fiyin-

157701-4
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FIG. 3. The potential along the wormhole defined in Eq. (11),

divided by the current, V /I, in units of the LS resistance, plotted
for a ballistic flow (¢,, = o) and hydrodynamic flows
(€ e/ Fmin = 0.3) with varying values of a/r, (see legend).

Our analysis elucidates this suppression of the resis-
tance: a potential drop results from reflection of electrons.
In the ballistic regime the contact sends into the sample
electrons for which j is too large to be transmitted. Those
electrons are reflected, leading to a voltage drop [Eq. (6)].
In contrast, in the hydrodynamic regime electrons of high j
are scattered to channels of smaller j, and largely end up
being transmitted, without generating a potential drop.
Note that our entire analysis assumes ¢,, < a and
?,. < Iy, 1n contrast to the sharp constriction case, studied,
e.g., in [29], leading to a rather different evolution of R
with Z,,.

Equations (10) and (11) show that the bulk resistance of a
Corbino disk vanishes, as a consequence of the lack of
variation of £. With the limitation of z to a proper range, and
with the limit a — 0, Eq. (11) may be used to describe a
Corbino disk. The resulting bulk resistance vanishes in that
limit. Indeed, in a Corbino disk the number of channels
grows linearly with the radial coordinate, its second
derivative vanishes, and so does the hydrodynamic resis-
tance. Importantly, this vanishing bulk resistance is in series
with a contact resistance which in this case is 7/ (2kprmin ),
where r,,;, is the inner radius of the disk.

The elimination of the LS resistance in a Corbino disk
was experimentally confirmed, as reported in a companion
article [56]. In that article, we generalized the present
calculations to include momentum relaxation due to pho-
non and impurity scattering, and showed that it leads to a
simple additive contribution to the resistance.

Finally, although the wormhole is illuminating theoreti-
cally, it is a rather exotic geometry for real-life transistor
devices. Those typically have a long rectangular bar
geometry, in which the density varies along the x axis
and is maximal near the contacts. In a bar geometry,
previous work (e.g., [27]) has focused on a viscous
contribution arising from the no-slip boundary condition.

Here, we neglect this contribution by assuming specular
boundary scattering, or a wide bar. By carrying out an
analysis similar to that of the wormhole (see the
Supplemental Material [54]*%), we find the resistance

Ry — /°° iy Krlee) (13)

o 2k r

Here, we account also for the possibility that #,, varies
with the variation of kp. Assuming that the change in kp
is much larger than its minimal value, we can estimate
R~?,,/kpra, where a is the scale over which ky and Z,,
become much larger than their minimal value.

In summary, we showed here that when the LS resistance
of an electronic system is spread into its bulk, rather than
being localized at the interface with the contacts, it may be
significantly reduced by electron-electron scattering, in
principle all the way down to zero.
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