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MATHEMATICS PROJECTS IN JUNIOR HIGH SCHOOL .

A sequence of problems to promote creative problem-solving habits

By MAXIM BRUCKHEIMER
and RINA HERSHKOWITZ

The Weizmann Institule of Science
Rehovol, lsrael

One of the ways in which students can
demonstrate a certain mathematical matur-
ity is if they are coni{ronted with a mathe-
matical situation whose scope is wider than
they usually need in everyday learning situ-
ations. This means a single situation in
which they can apply a variety of the
mathematical topics, techniques, and dif-
ferent mathematical thought processes that
they have experienced.

Final Prfr.\iects: Background Thinking

About eight years ago, a law was passed
in Israel under which the school system was
changed from eight years junior school and
four years high school to six years junior,
three years junior high, and three years
high school. One of the main purposes of
this change was to effect a modernization in
the school curricula. At present, about half
of the school system has changed to the
new system.

The mathematics group, part of the Is-
rael Science Teaching Centre based in the
Weizmann Institute, was formed to develop
one of two junior high school curricula in
mathematics. (Since lIsraeli education is
centralized, junior high schools really only
have a choice between the two approved
curricula.) The time between the passing of
the law and the beginning of the change-
over to the new school system was ex-
ceedingly short. In consequence, there were
a considerable number of difficulties, which
contributed to the following weaknesses in
our junior high school curriculum mate-
rials:

using basic jools of algebra 1.

. The curriculum has been developed in
an almost entirely linear style; that is, the
material was written chapter by chapter,
without any attempt at a deliberale process
of revision and reinforcement, When one
topic is finished the next is begun, and the
first is.only recalled in so far as it is intrinsic
to the second.

2. Almost all the exercises are directly
based on the topic in hand and are of rela-
tively routine nature.

3. The early texts in the series for the
highest ability level contain few questions
that can serve as a challenge for the very
bright students. Also, open-ended ques-
tions, which involve “discovery” and
mathematical thinking and allow students
to reach reasonable conclusions at their dif-
ferent levels of ability, are relatively rare,

It was thus that we came to start work on
what we have called *‘Final Projects for the
9th Grade.”

The projects, one of which is described in
detail in this article, are designed for the
students to do on their own over a period of
about a month, with occasional *'sign-
posting” by the teacher, The principal
points that we had in mind while devel-
oping the projects are as follows:

I. To explore the level of maturity of
mathematical thinking that ninth-grade
students can achieve.

2. To encourage an exploratory approach
to mathematical problems. In particu-
lar, we wanited to see if we could per-
suade students (and teachers) to attack a
problem whose words they understood
and to solve it, at least partially, even if
they had not yet learned the “acceptled”
techniques for solving it.
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3. To create situations in which students
could revise and extend their knowledge
of mathematical techniques and skills in
an interesting way.

4. To create situations in which students
are required to recall their mathematical
knowledge, to organize it, and to apply
it to the problem in hand. Whereas pre-
viously they had learned the material
topic by topic, here they would be called
on to use material from different topics
in the same question.

Finally, a very important aspect of our
work has been to create projects that are
strictly related to the regular curriculum
materials and to the core mathematics
thereof. Too often, in our view, the project
situation, large or small, is developed in
iopics that lend themselves easily to this
approach—for example, combinatorial
problems, statistics, descriptive and in-
tuitive geometry, computing, and so on.
Not only were these topics, ‘on the whole,
not represented within our curriculum at
this stage, but we felt that it was important
to develop something interesting specifi-
cally in the “dull and routine” areas of
mathematics. We have adopted the same
approach to developing mathematical
games. Usually, commercial games have
only a lentalive connection with the core
syllabus and rest only on claims to develop
mathematical thinking. We are in no posi-
tion to dispute such claims, but we feel that
a game featuring the ordinary mathematics
of the curriculum may prove more useful in
the classroom. We hope to describe some of
these games elsewhere,

Project: The Open Phrase n* — |

The first project in the collection might
be entitled “the mathematics of n? — .
The text of the final project is given here
with short explanatory notes following
each section. We also include some com-
ments on pupils’ reactions and on points
arising from the first use of this project in
school. (The text of the project itself is in
italics to distinguish it from the notes.)
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Consider the open phrase n* — |.

(i) Substitute various numbers into this
expression and investigate "what
numbers you obiain as a result. (In
the following sections you should be
able 1o "'guess'’ some of the answers
by this sort of substitution.)

We feel that this is an important *“play”
section, especially for the weaker students,
that helps them get a feel for n* = 1 and the
sort of numbers it produces. It is, in effect,
a hint to following sections: If you don’t
know how to start, “‘play” and see if you
notice anything.

It is, of course, alse a very realistic
mathematical activity. Whenever we are
confronted with a general problem, it is
good sense to attack it through special
cases, which in this case means the sub-
stitution of specific numbers,

(it) Find the set of numbers which when
substituted in n* — | give a negative
number.

Many students at this stage find it difficult
to develop a general argument. The first
section should help them to get started. In
our experience, some will get no further
than isolated substitution. Here the teach-
ers’ discretion comes in: they can either be
satisfied with an intuitive and incomplete
solution or argument or if they feel the
students can do better, encourage them to
“prove” their results. From what we have
seen of the studems work, even those
somewhere near the top of the ability range
tend to be satisfied with the first intuitive
result they oblain. From a mathematical
point of view, their arguments tend to be
incomplete.

(iii) Find the set of numbers which when
substituted in n* — | give a positive
number,

A little relaxation after (ii) before (i),

fiv) Given that n represents an integer,
Jind numbers which when substituted
inn® — | give even numbers.

Again, “plny™ can be important for
many until a general result is suspected—



therefore the casuval wording. The better
students can be prompted to prove. Typi-
cally, students would show that an odd
number produces an even result, and then
they would stop. Very few understood the
necessity of showing that only odd numbers
produce an even result, In general, results
have to be chosen carefully so that they can
be proved with the rather- “primitive”
mathematical tools available to the student
in grade 9.

(v) Can the even number 6 be obiained
by the substitution of an integer in
nt— 1?7

This was inserted just to draw attention to
the fact that not all the even numbers can
be obtained in {iv).

(vi) If you substitute all the odd numbers
in n* — 1, you will obtain a certain
set of numbers. Have these numbers
any common factors? Prove your
conclusion.

In an earlier draft version of the project,
this section was phrased exactly like section
(iv), with “odd™ replacing *‘even.” But
those who had solved {iv) raced through it
without effort or thought, However, while
“playing” with (iv) some:of the teachers
(who attended day courses centered on
these projects and their use in school) had
noticed that the numbers obtained were not
only even but multiples of eight. We
thought that the general proof here was just
a little more demanding and hence made
this section a useful one for the better stu-
dent. In fact, most of the students whose
work we saw seem to have found it casy
going and proved the result. This indicates
one should not have 1too many pre-
conceptions. ;

(vii) Determine the set of natural num-
bers which when substituied in
n* — 1 give a prime number. Ex-
plain!

For some reason not very clear to us,
many teachers and studenis could not get
beyond the stage of substitution and con-
clusion by conviction rather than proof,

1

and even some of those moderately com-
petent in other work made mistakes here.
Perhaps they were not able to see the con-
nection between the definition of a prime
number and the factorization

n=1=(m-=10rn+1).

Even those who did get this far did not
usually secethatn — L = lorn+ 1 =1is
necessary bul maybe insufficient. Many got
involved in very complicated arguments
based on hall-remembered facts about for-
mulae for primes. Similar situations oc-
curred again and again—fairly simple ques-
tions were buried by a mountain of half-
digested and irrelevant mathematics. This
trend is symptomatic of the fact that most
exercises in the regular day-to-day class sit-
uation are solved within well-defined small
areas in which the technique to be applied
is evident from the context.

(viii) Try to find at least one further result
similar to those in the preceding sec-
lions, and prove ii.

This section is quite obviously one of the
high points of the whole project, and there
is much to be said about it.

First, it is the nearest we come to the
simulation of a real mathematical situation.
Second, it was only too clear that most
teachers (and students) did not want to
have anything to do with it. They would
hastily go on 1o the following sections and
had to be coaxed back to attempt this sec-
tion. In general, in spite of some general
exhortations like “No prizes for the first
one finished, but there are prizes for the
best solutions,” it took a long time al each
new session to persudde them to gel more
out of a question than the first answer that
came to mind. We began one teacher ses-
sion before distributing the project with a
short introduction and then the question
“What questions can you make up about
n* — 17" The reply, as expected, was almost
total silence, but it did have the effect of
giving the project greater impact, and some
good answers were received to this section,
once the spirit of the project had been as-
similated.
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The responses to the section varied from
relatively closed simple questions to ones of
considerable generality, again illustrating
the scope in such a project to coax from
students that of which they, individually,
are capable,

I. An example of a simple type of re-
sponse is the following: Find the set of
numbers that, when substituted in n? — 1,
give a positive number less than 1.

2. An example of a much more inter-
esting response is the following: Find the
set of integers that, when substituted in
n* — 1, give a multiple of 3,

3. One of those we got from students

was as follows: If we substitute the odd
numbers, in order, we obtain a sequence u,
such that the difference between u, and Un-1
is 8n,
Suggestion 2 came up quite frequently and
seems to have been suggested by section fiv)
above. The interest in the problem lay,
however, not in itself or its solution but in
the way it was used by the stronger teachers
as a springboard for further generalization.
They noticed that—

a) multiples of 2 (even numbers) are ob-
tained from all numbers that are not
multiples of 2 (odd numbers), and only
those;

b) multiples of 3 are oblained from all
numbers that are not multiples of 3, and
only those. :

So why not try a generalization—

¢) multiples of & (k a natural number) are
obtained from all numbers that are not
multiples of k, and only those.

This led to a lot ol sun, because even
though it is false, one can always try to
modify the generalization 1o gel true re-
sults—and this is the stuff of mathernatics.
The teachers’ role in this section, 4s i guide
and assistant with the reasonable furmula-
tion of ideas, is indispensable.

The following sections of the project
were phrased in terms of functions (rather
than open phrases). Although the use of
functions was in no way essential, we delib-
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erately made the switch 1o encourage a
freer use of allernative terminology,

In the following sections, we shall be con-
cerned with five different functions: f,, f,
Js. Jy and f;, all of which have the same
rule:

n—n* -1

(ix) If the domain of the function f, is the
set of natural numbers, what is the
image ser?

(x) 1f the domain of the funciion f, is the
set of integers, what is the image set?

(xi) If the domain of the function Ja is the
set of noninteger rationals. whar is
{he image set?

In the teachers’ guide, which accom-
panies the projects for the students, we
point out that although the functions J; are,
strictly speaking, distinct, it is a reasonible
mathematical abuse to use the same symbol
for all of them. A pedantic adherence to
definitions, which so often characterizes the
newer subjects in the curriculum, can ob-
scure and interfere with the real mathemati-
cal content. Since our students in grade 9
are still at an early stage in handling func-
tions, we mention the fucl that f; are differ-
ent and simultaneously advise the teacher
to avoid placing emphasis on it. ’

Section (ix) can be seen as a completion
of sections {iv), (v), and (vi). In our experi-
ence, a walertight description of the image
sel is not a trivial matter, Many notice that
the sequence of images is

0 3 8 15 24 35...

and then that the sequence of (first) differ-
ences is
357 9 q)....

This leads to the suggestion that the image
sel is a sequence of numbers whose first
differences form an arithmetic sequence be-
ginning with 3 and difference 2, which still
needs a little improvement.

Section (x) is again a little light relief,
Scction (xi) does not lead 1o a very satisfuc-
tory answer (as far as we know), and such 4
section is also worth having, Not all prob-
lems a muthematician dreams up have tidy



solutions, if solutions at all! We can say
that the image set is contained in the set of
all noninteger rationals greater than —1,
We can find examples of such rationals that
do not belong to the image set: for example,
2/3. But so far we have failed to find a more
precise ‘description that is not entirely tri-
vial. -

(xii) \/3 belongs to the domain of f,, What
is its image under f?°

(xiii}) Given that | belongs to the image set
of fi, find an integer, or integers,
which could be the origin (inverse im-
age) of | under f,.

(xiv) Given that the image set of f, is the
set of natural numbers, find a possible
domain for [,

(xv) Given that 4 + /3 belongs 1o the
domain of f, what is its image under
2

(xvi) The domain of f, is the set of all
numbers of the form k + \/p, where
k and p are rationals, p is positive and
\/ﬁ’t's irrational. Find a general form
Jor the nunibers in the image sel.

{xvii) Does the mumber 1 — 3\/_ he!ong (o
the image set of Sl e

{xviii) What can you ml'

of J&?

These sections have “‘technical manipu-
lation™ as one of their objectives—for ex-
ample, the evaluation of expressions of the
form (¢ + b)* when one term involves a
square rool. Seclions (xii) and (xiii) are
simple. Section (xiv) is intended, for the
better student, to lead 1o a discussion: there
cannot be a unique answer to such a ques-
tion. In fact, the question is somewhat ill-
defined in the sense that one cannotl work
backwards to a domain. However, this is
not an unusual mathematical situation, and
it leads 1o a reconsideration of the role of
domain in the definition of a function.

Section (xv) is pure technique and leads
striight into the next three sections. We
find that the image of & ++/pis of the form
¢ + ey/p, where ¢ and e are rational and
¢ > 1. But not all numbers of this form are
images,

We can continue the investigation in re-
sponse to section (xvifi) and notice that
there is a connection between g and e, i.e.,

q=-;l4fe"+p—l.

We can plot g against e, and for each p we
get a parabola that cuts the g-axis at p — 1.
All the rational points (e, g) on these para-
bolas form the image set (fig. 1).

Fig. |

etk

This takes us to the edge of the curricu-
lum, which is a study of the parabola and
quadratic functions.

The lust two sections are purely for fun
(partial fractions are nol mentioned in the
curriculum). Interestingly, the students
managed the first section quite well (as op-
posed to our experience with teachers), but
few managed to apply the result in section
fax).

(xix)  Consider the fraction

(n# +1).

nt =

Find two numbers a and b such tha

ﬁ)i' all n # L+ 1,

] a b

= H= .
nt = | N T

{xx)  Find a simple way of verifying the
Jollowing:
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In this project we have tried to show how it
is possible to create “*‘mathematics” from
the relatively simple mathematical ex-
pression n* — 1. Clearly, it is possible to
extend the mathematics further. One can
add any number of further sections. For
example, it is possible to *‘discover” that
n* — 1 is the sum of the odd numbers from 3
to 2n — 1, and so on. Undoubtedly, some
students will continue, once they have
cgught the bug of not only creating solu-
tions, but also creating problems.

Conclusion

The project described above, and other
similar ones that we have developed, cer-
tainly interested the teachers and students,

Many of them had a real mathematical ex-
perience probably for the first time in their
lives. By real mathemalical experience we
mean inventing a problem and solving it.
By being introduced o so many sections on
the same basic topic, they first experienced
the type of lateral thinking that develops
new problems from old by analogy, and
then they were encouraged (o try it them-
selves. We hope that if you haven't tried it
yet you will also be encouraged to have a go
and then to encourage your students like-
wise. Even the apparently dullest mathe-
matical situation can be made rich if one
wears the right spectacles.

Thus, a teacher of mathematies hus a great oppor-
tunity. H he fills his allotted time with drilling his
students in routine operations he kills their interest,
hampers their intelleciual development, and misuses
his opportunity. But if he challenges the curiosity of
his students by setting them problems proportionate
to their knowledge, and helps them 1o solve their
problems with stimulating questions, he may give
them a taste for, and some means of, independent
thinking. [Polya 1946, Preface]
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